A linear algorithm for the rapid calculation of local rate constants is proposed. The method is applicable to the three-compartment models currently used in the lnalysis of positron camera measurements with rIlC]methionine, r"C]deoxyglucose, and ["C]glucose.
1982)
, [IIC] deoxyglucose (Reivich et aI., 1982) , and [IIC]glucose (Raichle et aI., 1975) in positron com puted tomography (PCT) all lead to the same system of differential equations: Q�(t) = kjC:(t) -(k2 + k3) Q�(t) (1) Q;,tt) = k3 Q�(t) (2) Here, Q�(t) and �(t) are, respectively, the regional concentration of the unmetabolized tracer in tissue and the concentration of metabolized/incorporated tracer in tissue (nCi/g), and C:(t) is the tracer con centration (nCi/ml) in arterial plasma. The dots de note differentiation with respect to time. The most straightforward method to estimate the unknown rate constants ki (i = 1, 2, 3) is to start from the solution of the above system of equations:
(3) diffusible tracer. The algorithm was applied to measure ments on humans with [IIC]glucose. As a comparison, the same data were also analyzed with a standard non linear technqiue. Good agreement between the two methods was obtained. Key Words: Compartment anal ysis-Positron computed tomography-Rate constants.
Estimates of the constants can then be obtained through a least-squares fit of the sum of the two concentrations Q�(1) and Q�(1) to the measured time course of the regional tracer concentration. It should be observed that the rate constants enter nonlinearly in the two expressions. There are sev eral standard algorithms for function minimization to solve this nonlinear problem, but every method requires an iterative procedure. In principle, the rate constants vary from point to point, and it is therefore very time consuming to obtain maps over these constants if high resolution is required, e.g., in the form of 128 x 128 matrices.
In this article, a linear algorithm, enabling quick calculation of the three rate constants defined above, is proposed. With this method, maps of ce rebral functions, such as local cerebral metabolic rate and volume of distribution, can be rapidly gen erated.
The regional activity observed in the positron camera is the sum of the tracer activities Q� and Q� (together with the small contribution from tracer in the blood). To obtain an equation for this sum, the following substitutions are made in Eqs. 1 and 2:
A second-order differential equation for the sum ac tivity, q(t), is then obtained:
Integration of Eq. 7 twice over the time interval (0,1) and using the initial conditions q(O) = ° and q(O) = ° gives q(1) Repeating the procedure for different time intervals (O,Tj; i = 1 . .. n, where n is > 2) gives a linear system of equations in the three parameters k], k]k3' and k2 + k3. The solution is rapidly computed through standard least-squares methods. It should be noted that the linearity of the problem allows the time integrals to be performed directly on the PCT projection data (see Tsui and Budinger, 1978) .
The described method can be used in conjunction with compartment models other than the one treated. As an example, cerebral blood flow is pres ently being measured regionally with PCT using a single-compartment model based on the Fick prin ciple (Kety, 1951) . According to this model, the fol lowing equation describes the regional change in activity (see, e.g., Huang et aI., 1982) :
Here, Q *(t) denotes the concentration of tracer in tissue (nCi/g), C�(t) is the arterial tracer concentra tion (nCi/ml),Jis the regional blood flow (ml/g/min), p is the regional partition coefficient (ml/g), A is the decay constant of the tracer (min), and t is the time (min) elapsed from arrival of the bolus to the volume element under consideration. Equation 9 can be treated analogously to Eq. 7. In this case, at least two integration intervals must be con sid ered.
The three-compartment model was applied to studies with PCT of the human brain using
[l ] C]glucose, and rate constants for 80 regions were determined both with the proposed algorithm and with the standard iterative, nonlinear method outlined earlier (James and Roos, 1976) . To analyze [l ] C]glucose measurements, the measured activity in the tissue must be corrected for the local loss of labeled metabolites (mainly llC02). The loss is es timated from measurements on monkeys of the av erage egress of llC02 from the brain. The experi mental details will be found elsewhere (Blomqvist et aI., 1984) . Figure 1 shows a map of the local CMRglu (LCMRgl) in a man obtained with the described method with five integration intervals (0.0,2.0,4.5, 8.0, 17.0,23.0 min). The positron camera used was of the type PC-384 (Litton et aI., 1984) with a spatial resolution of 7.6 mm, defined as the full width at half maximum of the point spread function for
64CU. The number of counts in the image is 12 mil lion, uncorrected for random coincidences (roughly 10% in this case). Figure 2 shows a map of the rate constant k] for the same brain slice as in Fig. 1 . In the calculations, the blood volume was fixed to a constant value (0.035 ml/g) for all pixels. As a con sequence, the largest blood vessels appear as spots with high k] values. It is worth noting that these spots are absent in the corresponding metabolic map.
To compare the proposed method (Eq. 8) with the standard nonlinear technique (Eqs. 3 and 4), a sample of brain regions with various sizes was se lected, and the metabolic rate and other local quan tities were subsequently calculated for each region with the two methods. In all calculations, the rate Fig. 1 ., but slightly more filtered. The selected brain slice is the same as in Fig. 1. were compared through linear regression. Ta ble 1 summarizes the results. For LCMRglu, the agree ment between the methods was excellent. For the rate constant k I ' the correlation was good, but there was a systematic difference between the methods.
The agreement was less good for k3 and the partiiion coefficient kl/(k2 + k3), and still worse for k2. The observed discrepancies were to some extent due to some small k2 and k3 values obtained with the stan dard technique. It is not surprising that the methods show the largest differences for the rate constant k2' which occurs only in the combination k2 + k3. Changes in the restrictions on k2 and k3 affect the partition coefficient and kl' but leave LCMRglu practically unchanged.
There exist other approaches to the problem, al lowing basic computations to be performed on the PCT projection data. In the case of a single differ ential equation with two unknown parameters, two solutions have been presented (Huang et aI., 1982; Alpert et aI., 1984) . Both these methods require a weighting of the tissue activity, in the first case with exp (At), in the second with t. If a short-lived iso tope such as 150 is used, the weighting implies that the last measurements, with comparatively large rel ative statistical errors, obtain large weights com pared with the early measurements.
Concerning the present case with two simulta neous differential equations, there is, in certain cases, a simple way to obtain the metabolic rate using the asymptotic property of the tracer concen tration in the tissue (Gjedde, 1982; Patlak et aI., 1983) . Under certain conditions and for sufficiently large T values, the following relation will be valid:
From this equation, the metabolic rate, Ca kl k3/(k2 + k3), can be obtained through linear regression.
However, the method is not always applicable, im plies a loss of information in the nonasymptotic time interval, and cannot give maps of physiological quantities besides LCMRglu. The quantities A and B are parameters of the regression line Y = A + B X , where X is the quantity obtained with the standard method (Eqs. 3 and 4) and Y is the corresponding quantity obtained with the proposed method (Eq. 8). The values given for A and B are estimates ± SE. p, correlation coefficient; LCMRglu, local CMRglu.
